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Abstract. While quantum algorithms have been studied as an efficient tool for the stationary state energy determination in the case of molecular quantum systems, no similar study for analogical problems
in computational nuclear physics (computation of energy levels of nuclei from empirical nucleon-nucleon or quark-quark potentials) have been realized yet. Although the difference between the above
mentioned studies might seem negligible, it will be examined and first steps towards a particular simulation (on classical computer) of the Iterative Phase Estimation Algorithm for deuterium and tritium
nuclei energy level computation will be carried out with the aim to prove algorithm feasibility (and extensibility to heavier nuclei) for its possible practical realization on a real quantum computer.

Let us denote spin ladder operators as

- %(&xii&y) = 5 +i5,, (SI1)
fulfilling

S.|s=1/2,m =%1/2) = |s=1/2,m =+1/2), (SI2)

§.|s=1/2,m =+1/2) = 0. (SI3)

" The main article can be found in EPJ Web of Conferences, TESNAT 2015 Proceedings.



Using identity

. L. . vy o . v o
((71'0-2) = E{(O-l"'o-z)z_o-lz_azz} = 2{(S1+S2)2—S12—s22}, (S14)

we will provide the matrix elements between s,ms> states coupled from spinors (implying s € {0,1}, m; € {-5,0,+s}). Only diagonal elements

are non-zero and doesn’t depend on m,

<1a mg |(5-1 "0, )

Lmg) = 2{1-(1+1)—2%(1+%)} = 1, (SI5)
0,mg) = 2{0—2-%(1%}} = -3, (SI6)

The latter should be used too to evaluate the matrix element of (fl . fz) between isospin singlet states. The unit position vector will be denoted as

<Oa mg |(5_1 $0, )

n in all text (see (SI7) for its cartezian components in spherical coordinates, 8 € <0; 7z> , § € <0; 27[)) and n., n. (SI8) and nz should be its
irreducible components. Therefore, for scalar products we can write (S19) and (SI10).

n = (sin € cos ¢, sin @sin @, cos 0), (S17)
n, = n,tin, = €'’sind, (SI8)
o, -n) = s.n + s.n + o.n_, (SI19)
1 1+ 1 + z 'Yz
(51 ’ ﬁ)(52 ’ ﬁ) = (Sl+52— +S1—52+)n+n— +
S,.,0,. +0,.8, )nn_+ \s_o, +0,.s, )n.n_+, (S110)
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With formulae above, we can easily derive the matrix elements between all terms in Hamada-Johnson or Agronne potentials. As for Hamada-
Johnson potential:

A A

V = V. + V8, + VLS(r)(Z-§j + V,(r)L,, (SI11)

the terms in (SI11) are reffered by indices i € {C, T, LS, LL} and represents central, tensor, linear LS and quadratic LS potentials, V; are allowed
to be spin-parity dependent and are given by

S, = 3(6,-i)&,-i)-(5,-5,), (SI1)
A v Ll e e\ v -

L, = (6,-6,) —5{(0'1 L)(GZ-L)+( > L)( | L)}’ (SIT1™)
L, = {6,+(6,-6,)| 2 ~(L-5)

V. = %(a-fz)(&l-&z)lfc(r), (SI12)
vy = %(fl-fz)VT(r), (SI13)
Ve(r) = 0.08 u, Y(x)-[1+a. Y(x)+b. Y2 ()], (SI14)
Vo) = 0.08u, Z(x)-[l+a, Y(x)+b, Y>(x)), (SI15)
Vis(r) = p, G Y2 (x)-[l+b, ()], (S116)
V@) = wu, G, xizz(x)'[l'i'au Y(x)+bLLY2(x)]’ (SI17)
Y(x) = e"/x, (SI18)

Z(x) = (143" +3x72)r(), (SI19)



Where x=r/r,, r, =1.415fm, ratio of nucleon mass (M) and pion mass () is M /u, = 6.73. The hard-core radius xy = 0.343 is considered
equal for all states (potential under x < x; is considered infinite and as a result the wave-function for such distances should drop to zero (while
staying continuos, in the best case with its first derivative as well)).

I will add the centrifugal (effective) potential (SI20) (« being reduced mass) resulting as angular part of kinetical energy operator to the
central part of the interaction potential for the deuterium case and evaluate its matrix elements as (SI121) and (SI122)

. I?
Ve = 7o (S120)
2ur
(Sl Ve +Ve1Sy) = =] Reu(Velr) Ry, () dr (SI21)
0
. . 3n° ¢ 1 b
(Do Ve +7c D) = = [ Rou(r) 5 Ry () dr = [ Ry, 1)V () Ry () (S122)
0 0
The off-diagonal elements
<Sa I}cent Db>:<Sa|VAC|Db>:0’ (8123)

are zero due to angular-momentum eigenfunction orthonormality (similary for the LS potential parts, but in contrast with the tensor part). For the
tensor potential part we will exploit the expression (SI10) and use the (18)-(22) formulae from the main article. Wile for deriving the action of

(SI10) on Sa> one can easily write
R
(6,-7)a,-7)S,) = %(r)w 0), Yoollrn =n2)10) + V2 (o [M1)=n, |[W))), (SI24)
a B Rg, (r) .
12 Sﬂ> - p |T - O>[sospm 0,0 % (8124‘)
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x {(3n+n_ —3n? —1) L0),,., + 32 n, (n_ ‘TT> —n,




A

(S,17r8518,) = =Argpu [Re V(1) Ry, () dr, (SI25)
0

Argpa = <Y0,0‘(3n+n7 ~3n’ —1)\ Yoo) = 3(Yy|nn —n2|¥,)-1= -1/2, (S126)
3(Yyo|nn. —n? Y0,0>:(3/2)J1- (202 <1l = 1/2, (SI27)
-1
(S, V:Su1S,) = % jR (")V; (") Ry, (r) dr (SI28)
0

and for the off-diagonal element, the coupling between S- and D-states, will be derived from (S124°) also relative easily

<Db |I}T‘§12

S.) = —Arpsp. | R ()Vr (R Ry, (r) dr, (S129)
0

AT,DS,b,a = _\/%<Y2,0‘(3n+n _3’722 _1)‘Yo,o>+3\/§(<Yz,1

nn | Yyo) =% nn, | ¥oo) (S130)

nn,



(Vo |Brn. =3n2 <1)%,) =3, | nn_ —n2|¥,,) = 3{ ( ~1)(3¢ —l)dt—% (SI31Y?

(Ba|nn |Yoe) = —(u|nn|Y,) = —%\/%j(l—tz)tz dt = - % (SI32)
-1

Arpspa = —242, (SI33)

Slightly more complicated algebra will be needed for deriving the action of §12 on |Da> state in oreder to derive the expression for the matrix

element of the tensor part operator between two D-states. A table of action of different terms in (SI10) on different terms in D-state expansion
with respect to the spinor components would be helpful.

prefactor | spinor nin. n4n. nan. nan. nn+ nn+ n’ n’ n’
1 15
Y,.,(0.4) = W2s sin’ @exp(£2i¢)
Y,.,(60.¢4) = il 15 sin@cosGexp(+ig)
2 2\ 27
2Y,,(0.¢) = l\/E(%oszH—l)
20 4\n
Y., (0,4) = il ismt9exp(+z¢)
b 2\27
1 /3
Y,,(0.4) = 5 ;cos@



S1+82- S1-S2+ S1+02; 01252+ 51-027 01252 S1+82+ | $152- | Oyz O,
o 2721 274 2 [ 2 —277| L)
B %Yz,o 272 | 27 27211 —272| ) —272[1)
% v | I V2 2N | V2 () D)
% v | ) V2277 N)) | -2 22 [i1) ™) L)

Table S1: Action of different terms in the (5'1 n )(6'2 n ) expansion (SI10) on different terms in D-state expansion into spinors.

By summing all terms in the table S1 above we will get

Loy Ry, (r) 2 3 2
(G, -i)G, -7i)|D,) = D,r r 7= O>mpm .H_\/;YM (n+n7 —~ nzz)+ \/;nz (n+Y2,71 -n_Y,,, )}| 1,0>xpm +EYZ,0nZ(n+

Wy-n. m>)+..}

,(S134)
_ \% (v, w1, W+ (oo, 4027, JO1)]
or after regrouping
(6,-i)a, -#)|D,) = M|T =0),44- 2 Yoo ln,n —n?)+ 30 (.Y, =n ¥, , J{10), .+
r 5 5
, (SI35)

= H%Yz,oﬂzm +\/%(”5Y2,1 +n2Y,, )}“L‘L>+ {_%Yz,onzn +\/%(n2Y2’1 +n YZl)}‘TT>}

and therefore




(D, V78 |D,) = = Arpy [Rpy (V)R () dr, (SI36)
0

bt = 3200 )l 1)l 1 2
, (SI37)
e S e () )
1
(o|(nn.—n?)|1,) = g.[(3t2—1)2(2t2—1)dt = % (SI38)
" 1
(Golnn |bn) = (a|nn|by) = —(|nn|r,) = E\E Jr-nfa-ra = -2, (S139)
-1
1
(v, |n|n.) = % jl P-2)Ydt = g, (S140)
1
(¥, |02 |0, = %jlz‘*(l—zz)dt = % (SI41)
Arppa = g, (SI42)
For LS and LL parts :
The operators acting on impuls momenta are diagonal within the |J (! ,s)m> basis as can be seen from
L J_[2_ ¢
(L-5) = ; iy (S143)




(L-5)7sm) = JU +1)_l(12+1)_s(s+1)|J(l,s)m>, (S144)
(s (Lo5)|TEsIm) = 8,68,6,8,, JG+D=1 (l; Dosts+l) (SI45)
(Z-5)o.no) = 0
B , (S146)
(Z-5)12n0) = -3
and
Loliasm) = {8, +(6,-6,)\ 2[J(sym)~(L-5) | s)m), (SI47)
L,|J(,s)ym) = {{51, +0,, =38, | 11 +1) —%(J(J+l)—l(l+l)—s(s +1))2}|J(1, s)m), (S148)
particularly pro deuterium s = 1, /=0 or 2 and therefore ¢;;=0 and
L,|J(,s)m) = {l(lJrl)—i(J(J+1)—l(l+1)—s(s+1))2}|J(l,s)m>, (S149)
L,|10,1)0) =
32| O.Do) =0 : (SI50)
L,|12,00) = -=3|1(2,1)0)
(S Vs (L-5)[S,) = (D|Vs(L-5)S,) = (S.|Vis()(L-5)|D,) =0, (SI51)

<Da|VLS(r)(a'§)|Db> = _3TRD,a(r)VLS(r)RD,b(r)dr9 (SI52)



<Sa|VLL(r)f‘12|Sb> = <Da|VLL(r)£12|Sb> = <Sa

V,,(rL,|D,) =0, (SI53)

(D,

Vi (r) l’:12 | Db> = -3 TRD,a WV, (V)RD,b (rydr . (SI54)

Now, for the variational energy and wave-function estimation (in order to obtain the initial eigenvector guess for the quantum algorithm
simulation and for control energy eigenvalue estimation) two methods for dealing with the hard-core will be introduced. The first is to work with
the radial (part of the) wave-function of the form

(..)



